We de ne a new height function on the group of non{zero algebraic numbers ; the height of being the in mum over all products of Mahler measures of algebraic numbers whose product is : We call this height the metric Mahler measure, since its logarithm de nes a metric in the factor group of the non{zero algebraic numbers modulo the group of all roots of unity. This metric induces the discrete topology on this factor group if and only if Lehmer's conjecture is true. Sharp upper and lower bounds are obtained for the metric Mahler measure of an algebraic number in terms of its Mahler measure, degree and house. The metric Mahler measure is computed for a class of numbers that includes Salem and Pisot numbers, and for roots of rationals. We also show that the set of all ratios of the logarithms of the metric and classical Mahler measures of algebraic numbers having a xed degree is everywhere dense in the interval given by these bounds.
; (2) ; : : :; (d) are the conjugates of ; d is its degree, and A( ) 2 N the leading coe cient of its minimal polynomial. Let be the group of all roots of unity. Then the conjecture that there is an absolute constant c > 1 such that M( ) > c for 2 Q n is often called Lehmer's conjecture. See for instance Everest and Ward EW] for more about Mahler's measure, including Lehmer's conjecture.
In this paper, we introduce a variant of the Mahler measure (height) which induces a metric on the factor group Q = . We de ne M ( where the in mum is taken over all 1 ; : : : ; m 2 Q such that = 1 2 : : : m .
Note that, by Proposition 1 (ii), (iii) and Corollary 1 below, the function given by is well{de ned, and is a metric on the factor group Q = . Moreover, if ( ; ) > 0 and if Lehmer's conjecture is true, then clearly ( ; ) > log c . Thus the resulting topology on Q = is discrete if and only if Lehmer's conjecture is true! Also, it is clear that, under this metric, multiplication by any element of Q is an isometry of Q = : Further, any automorphism of Q is also an isometry, by Proposition 1 (i) below. Note too that because Boyd Bo, p. 459] exhibited a limit point of the set fM( )j 2 Q g at R 0 = 0:22747 : : :; we know that for any R > R 0 the ball f j ( ; ) < Rg contains in nitely many cosets :
In Sections 2, 3, and 4 we state our main results, giving many properties of M. where the in mum is taken over all n 2 N and s 1 ; : : :; s n 2 S . Thus will be a metric on S provided (s; s 0 ) = 0 only for s = s 0 . This idea is presumably an old one.
For instance it appears, in the context of the metrization of topological spaces, in Ke, p. 185] . We thank Graham Jameson for supplying this reference. Clearly, for log M, the set S is Q = and the function D is given by D( ; ) = log M( = ):
The Weil height (absolute logarithmic height) of , h( ) = 1 d log M( ); has earlier been used by W. Schmidt Sc] to de ne a metric on Q = , h( = ) being the distance between and : The fact that this is a metric follows from Lemma 1 below, and Kronecker's theorem. However, because the degree of the algebraic number is involved in the de nition, the resulting topology on Q = is certainly not discrete. For example, in this Weil metric, the distance between 2 1=d and tends to 0 as d ! 1 .
We conjecture that the in mum in the de nition of M is actually attained. In Theorem 3 we show that the conjecture is true in the special case of being the d th root of a rational number.
We say that a nite collection (multiset) of non{zero algebraic numbers Here j j is the house of , the maximum of the moduli of the conjugates of :
Also, s(n) is the square{free part of n 2 N , namely s(1) = 1 and s(n) = Q p for n > 2 , where the product is taken over all the primes p dividing n . Further, A ( ) = A( ?1 ) is the absolute value of the constant term of the minimal polynomial of :
Recall that a Pisot number is an algebraic integer > 1 whose other conjugates (if any) all lie strictly inside the unit circle. A Salem number is an algebraic integer > 1 of degree at least 4, conjugate to ?1 ; whose other conjugates all lie on the unit circle.
We say that 2 Q is a CPS (cyclotomic-Pisot-Salem) number if = 1 1 : : : m , where every j is either a root of unity, a Pisot number, or a Salem number. Since a product of roots of unity is again a root of unity, we may assume that at most one of the j 's is a root of unity. Note that if is a CPS number, then ; being a product of algebraic integers, is also an algebraic integer, and so A( ) = 1 .
Our next result describes some CPS numbers. 
with equality if is of the form = !r; where ! 2 , r 2 Q . Moreover, if Conjecture 1 is true, then this condition \ = !r " is also necessary for equality; (c) M( ) > j j with equality if is a conjugate to a CPS number. Moreover, if Conjecture 1 is true, then this condition \ is a conjugate to a CPS number" is also necessary for equality. The best known Dobrowolski{type bounds M d ? 1 (log log d= log d) 3 are not strong enough to derive our conjectures from Proposition 4. However, e.g. the bound M d ? 1 1= log log d would be su cient, because of the divergence of the harmonic 
METRIC MAHLER MEASURE FOR ROOTS OF RATIONALS
Our next result shows how one can calculate M( ) for being a root of a rational number. As the theorem shows, however, this calculation is not a completely straightforward business, unless is rational (see Corollary 2). Here, in (d) and (e), u(q) with rational number q is the smallest positive integer such that q can be written as the sum of u = u(q) ( ) = N are those N which are a product of distinct primes or their squares, but not square{free, and d > 1 is odd. This is almost certainly a di cult question to answer completely, however. We will investigate this in a subsequent paper.
In the next section we give some lemmas, and in the nal Section 6, we prove our propositions, theorems, and Corollary 5.
LEMMAS
The following lemmas are needed to prove the main results. In particular, u(3=d) = 2 for d > 1 and (3; d) = 1:
Here dxe is the least integer > x:
Proof. The rst result is obvious by the parity argument. The lower bound for jtj > 3 follows immediately from the fact that j1=d i j 6 1 for any d i 2 Z : This also shows that u(t) = t: For the upper bound, note rst that 3 6k 1 = 1 2k 1 2k(6k 1) :
On dividing by powers of two we see that u(3=d) Taking " arbitrarily small, we obtain the required inequality.
Clearly, (v) follows from (ii) and (iv). Finally, if A( ) is square{free, then of course s ? A( ) = A( ) . Therefore, (iv) implies (vi).
The following example shows that (vi) is not always true when A( ) is not square{ free. Take = 6 ?2=5 so that A( ) = 36: Then the factorization = (1=2) (8=9) 1=5 shows that M( ) 6 18:
Proof of Proposition 2. Suppose that r l is a CPS number, but is not a positive integer. Then, a representation of r l by a product of cyclotomic numbers, Pisot numbers and Salem numbers contains at least one Salem number or at least one Pisot number of degree greater than or equal to 2. Let 1 ; 2 ; : : :; n be all such numbers in this representation, namely, every j is a Salem number, or a Pisot number of degree at least 2. Taking a su ciently large power m we eliminate the denominator of l and the roots of unity in this CPS representation. Since the remaining Pisot numbers (if any) are positive integers greater than or equal to 2, we obtain the representation t v = 1 : : : n ;
where t=v 2 Q and j = m j for j = 1; 2; : : :; n . By Lemma 2, every j is a Salem number, or a Pisot number of degree at least 2. There is no loss of generality in assuming that t; v 2 N , (t; v) = 1 and t > v . Applying Lemma 1 we obtain log t = log M(t=v) 1 6 log M( 1 ) 2 + : : : + log M( n ) 2 = 1 2 log( 1 : : : n ) = 1 2 log ? t v :
It follows that t 6 p t=v , and so t = v = 1 , a contradiction. Part (i) is proved.
Note that (ii) follows from (i), since all numbers in Z are CPS numbers. Indeed, 1 and ?1 are both roots of unity, 2; 3; 4; : : : are Pisot numbers and ?2; ?3; : : : can be represented by (?1) 2; (?1) 3; : : ::
To prove (iii), note that a quadratic 2 Q , which is a CPS number, is an algebraic integer. Suppose rst that is complex. Clearly, j j is also a CPS number. Further, j j is either an integer or a square root of an integer. In the second case, j j is not a CPS number, by (i). Thus, we may assume that j j = k , where k 2 Z . Then, = !k , where ! 2 . Set ! = exp So that M( ) 6 j j . However, by inequality (c), the reverse inequality holds. Thus, M( ) = j j for every CPS number . where every j , 1 6 j 6 n , is a Salem number or a Pisot number of degree at least 2. Taking an appropriate power, we see that a positive integer power of 1 : : : n is a rational number. This is, however, impossible (see the proof of Proposition 2 (i)).
Therefore, = !k with some ! 2 and k 2 Z .
Proof An alternative way to prove Theorem 2 is to consider the numbers of the form ! = np 1=d ; where n; d 2 N ; p is a prime, n is square{free and (n; p) = 1: Then ! is an algebraic integer of degree d; and M(!) = np; by Proposition 1 (iii), (v) and Theorem 1 (a). Also, M(!) = n d p: Theorem 2 now follows from the fact that the quantity log n + log p d log n + log p ; where n; p; d satisfy the above conditions, is everywhere dense in 1=d; 1]: 
